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■ Abstract. Let S C ^ be an H-Galois extension, where 7i is a Hopf algebra over 
I a field K. If M is a Hopf bimodule then HH*(^, M), the Hochschild homology of 

O i j[ with coefficients in M, is a right comodule over the coalgebra C-h ~ Ti./[Ti., H]. 

Given an injective left CT^-comodule V , our aim is to understand the relationship 

■ between lUi^,{A, M)Ocn^ ^'^'^ HH,(B, MDc^l^). The roots of this problem can 
OA ! be found in |Lo2| . where HH»(^, A)'~^ and HH*(S, B) are shown to be isomorphic 

for any centrally G-Galois extension. To approach the above mentioned problem, 
in the case when ^ is a faithfully flat i?-module and H satisfies some technical 
conditions, we construct a spectral sequence 

Tor^« (K, HH,(e, MOc^V)) HHp+,(^, M)nc„F, 

where TZ-j-i denotes the subalgebra of cocommutative elements in TC. We also find 
conditions on Ti such that the edge maps of the above spectral sequence yield 
isomorphisms 

^ ' In the last part of the paper we define centrally Hopf-Galois extensions and we 

! show that for such an extension B C A, the 7?.-H-action on HH* (B, MDc^F) is 

trivial. As an application, we compute the subspace of 7i-coinvariant elements in 
I HH*(^, M). A similar result is derived for IIC*(^), the cyclic homology of A. 

d 

^ i Introduction 

Chase and Sweedler |CS] . more than 35 years ago, defined a special case of Hopf- 
^ ■ Galois extensions, similar to the theory of Galois group actions on commutative rings 

that had been developed by Chase, Harrison and Rosenberg |CHR] . The general 
definition, for arbitrary Hopf algebras, is due to Takeuchi and Kreimer |KT] . Besides 
Galois group actions that we already mentioned, strongly graded algebras are Hopf- 
Galois extensions. Other examples come from the theory of affine quotients and of 
enveloping algebras of Lie algebras. 

By definition, an 7i-Galois extension is given by an algebra map p^^ : A ^ A^Ti. 
that defines a coaction of a Hopf algebra Ti. on the algebra A such that the map 

Pa-A^bA^A^H, 13 a = (mA 0n)o{A 0B Pa) 

is bijective. Here niA : A® A ^ A denotes the multiplication map in A and B is 
the subalgebra of coinvariant elements, i.e. of all a G A such that Pa{(^) = a ® 1- 
For the remaining part of the introduction we fix an 7i-Galois extension B A. If 
there is no danger of confusion, we shall say that ,B C ^ is a Hopf-Galois extension. 
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For an ^-bimodule M, let HH*(^, M) denote Hochschild homology of A with 
coefficients in M. Since B is a subalgebra of A, the Hochschild homology of B with 
coefficients in M also makes sense. A striking feature of HH^,(i3, M) is that Ti 
acts on these linear spaces via the Ulbrich-Miyashita action, cf. By taking 

M to be a Hopf bimodule, more structure can be defined not only on HH^,(i3, M) 
but on HH*(^, M) too. Recall that M is a Hopf bimodule if M is an .A-bimodule 
and an ?i-comodule such that the maps that define the module structures are Ti- 
colinear. By definition of Hopf modules, HHo(i3, M) is a quotient 7Y-co module of 
M. This structure can be extended to an 7Y-coaction on HH„(i3, M), for every n. 
On the other hand, HHo(v4, M) is not an 7Y-comodule, in general. Nevertheless, the 
quotient coalgebra Cn '■= TC/[H, 7i] coacts on HH,= (^, M), where \H, 7i] denotes the 
subspace spanned by all commutators in 7i, see [§2] . 

These actions and coactions played an important role in the study of Hochschild 
(co)homology of Hopf-Galois extensions, having deep application in the field. Let us 
briefly discuss some of them, that are related to the present work. First, in degree 
zero, the coinvariants of Ulbrich-Miyashita action 

HHo(i3, M)n ■= K (^n HHo(i3, M) 

equal HHo(^, M). This identification is one of the main ingredients that are used 
in to prove the existence of the spectral sequence 

TorJ^(K,HH,(i3,M)) =^ HH,(^,M). (1) 

It generalizes, in an unifying way, Lyndon-Hochschild-Serre spectral sequence for 
group homology [Wet p. 195], Hochschild-Serre spectral sequence for Lie algebra 
homology [Wei p. 232] and Lorenz spectral sequence for strongly graded algebras 
|Lolj . If Ti is semisimple then ([1]) collapses and yields the isomorphisms 

HH„(fi, M)^ = HH„(i3, M)n = HH„(A M), 

where HH„(i3, M)^ denotes the space of 7i-invariant Hochschild homology classes. 
Similar isomorphisms in Hochschild cohomology were proved in the same way and 
used, for example, to investigate algebraic deformations arising from orbifolds with 
discrete torsion |CGWj . to characterize deformations of certain bialgebras [MWj and 
to study the G-structure on the cohomology of a Hopf algebra [FSj . 

In |§2| , for a subcoalgebra C of C-h, a new homology theory HH^(^, — ) with 
coefficients in the category of Hopf bimodules is defined. In the case when C is 
inject ive left C-^^-comodule we have 

HHf (^, M) = HH,(^, M)Uc^C, 

for every Hopf bimodule M (for the definition of the cotensor product see the 
preliminaries of this paper). Thus, HHf(^, M) may be regarded as a sort of C- 
coinvariant part of HH^,(^, M). The main result in loc. cit. is the spectral sequence 

TorJ^(K,HH,(i3, MDc^C)) =^ HHf(AM), (2) 

that exists for every Hopf bimodule M, provided that Ti, is cocommutative and C is 
injective as a left C-^^-comodule. 

Let G be a group and let IK be a field. If Ti is the group algebra KG, then 
Ckg '■= ©o-eT(G) ^o"' where T(G) denotes the set of conjugacy classes in G and Gg- is 
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a subcoalgebra of dimension one, for every a G T{G). Hence, in this particular case, 
the homogeneous components HH^(^, M) := HHf'^(^, M) completely determine 
Hochschild homology of A with coefficients in M, cf. |Loll |§2| . For strongly graded 
algebras (i.e. KG-Galois extensions) and C = C^, the spectral sequence ([2]) is due to 
Lorenz [Lolj . On the other hand, Burghelea and Nistor defined and studied similar 
homogeneous components of Hochschild and cyclic cohomology of group algebras 
and crossed products in [Buj and [M], respectively. 

We have already remarked that, for an arbitrary ?i-Galois extension B A and 
every Hopf bimodule M, Hochschild homology HH*(;B, M) is a right ?i-comodule 
and a left 7i-module. In particular, TC acts and coacts on As '■= HHo(i3, ^). No- 
tably, with respect to these structures, Ab is a stable-anti-Yetter-Drinfeld 7i-module 
(SAYD 7i-module, for short). These modules were independently discovered in (J§] 
and [HKRSj . and they can be thought of as coefficients for Hopf-cyclic homology. 
In |J§| the authors showed that Hopf-cyclic homology of Ti with coefficients in Ab 
equals relative cyclic homology HC*(^/i3). This identification is then used to com- 
pute cyclic homology of a strongly G-graded algebra with separable component of 
degree 1 (e.g. group algebras and quantum tori). It is worthwhile to mention that 
cyclic homology of a groupoid was computed in |B^| , using the theory of (general- 
ized) SAYD modules. 

Let G be a finite group of automorphisms of an algebra A over a field IK and let 
A^ denote the ring of G-invariants in A. Since G is finite, the dual vector space 
(KG)* has a canonical structure of Hopf algebra and ^ is a (]KG)*-comodule algebra. 
Clearly, the coinvariant subalgebra with respect to this coaction equals A'^. It is 
well-known that C ^ is (]KG)*-Galois if and only if this extension is Galois in 
the sense of |CHR] . The center ^ of ^ is G- invariant. Following [Lo2j . we say that 
A^ <^Ais centrally Galois ii C Z is (KG)*-Galois. 

The Galois group G acts, of course both on Hochschild homology HH*(^, ^) 
and cyclic homology HC^,(^). To simplify the notation, we shall write HH^,(^) for 
HH*(^, ^). By |Lo2l §6], for a centrally Galois extension A^ C A, 

HH,(^)^ = HH,(^^) (3) 

and a similar isomorphism exists in cyclic homology, provided that the order of G 
is invertible in K. 

Since (KG)* is commutative, the coalgebras C(kg)* and (KG)* are equal. The 
category of left KG-modules is isomorphic to the category of right (KG)*-comodules 
and through this identification X'^ = XD(^kg)*'^- In particular, 

HH,(^)^ ^ HH,(^)n(KG).K. 

This isomorphism suggests that the main result in |Lo2] might be approached in 
the spirit of |§2| , i.e. using the theory of Hopf-Galois extensions and an appropriate 
spectral sequence that converges to HH^,(^)n(KG)*IK. Since in general (KG)* is not 
cocommutative, the spectral sequence in cannot be used directly. The main 
obstruction to extend it for a not necessarily cocommutative Hopf algebra 7i, is the 
fact that Ulbrich-Miyashita action does not induce an ?i-action on HH*(,B, MDc^G). 
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To overcome this difficulty we define 

Tin :=ker(A-ro A), 

where t : H ®H — > Ti ®'H denotes the usual flip map. Since A and r o A are 
morphisms of algebras, TZ-j-i is a subalgebra in Ti. Moreover, if A is faithfully flat 
as a left (or right) S-module and the antipode of Ti, is an involution, then we prove 
that HH^,(,B, MDc^y) are left 7?.>^-modules, for every injective left C-^^-comodule V; 
see Proposition 12.141 Thus, under the above assumptions, for every pair (p, q) of 
natural numbers, it makes sense to deflne the vector spaces 

El^ := Toif^ (K, EE,{B, MDc^V)) . (4) 

Furthermore, in Theorem 12.231 we prove that there is a spectral sequence that has 
g in the (p, g)-spot of the second page and converges to HR^i^A, M)D'nV . This 
result follows as an application of Proposition 12.31 where we indicate a new form of 
Grothendieck's spectral sequence. It also relies on several properties of the Ulbrich- 
Miyashita action that are proved in the flrst part of paper. Here, we just mention 
equation (12T1) that plays a key role, as it explains the relationship between the module 
and comodule structures on HH,,(i3, M). More precisely, using the terminology from 
|HKRSt J5 , relation (1211) means that Hochschild homology of B with coefficients in 



M is an SAYD H-module. 

The most restrictive conditions that we impose in Theorem 12.231 are the relations 

TZ+n = n'^ and Tor^«(K,7i:) = 0, (5) 

for every n > 0, where Ti'^ is the kernel of the counit and TZ^ := TZ-j^ f]T-C'^. The 
second relation in ([5]) is easier to handle. For example, if Ti is semisimple and 
cosemisimple over a fleld of characteristic zero we show that TZ-^ is semisimple and 
C-H is cosemisimple, cf. Proposition I2.24[ The proof of this result is based on the 
identification TZy^* = K®qCq(7Y), where Cq(T-C) denotes the character algebra of 
Ti, and on the fact that Cq{T-C) is semisimple if Ti. is so. Thus in this case the 
second relation in holds true. Obviously both relations in are satisfied if 
Ti. is CO commutative. Notably, by Proposition 12.311 they are also verified if Ti. is 
semisimple and commutative. The other two assumptions in Theorem 12.231 are not 
very strong. The antipode of Ti is involutive for commutative and cocommutative 
Hopf algebras. In characteristic zero, by a result of Larson and Radford, the an- 
tipode of a finite-dimensional Hopf algebra is an involution if and only if the Hopf 
algebra is semisimple and cosemisimple. Faithfully fiat Hopf-Galois extensions are 
characterized in |SS[ Theorem 4.10]. In view of this theorem, if the antipode of Ti. 
is bijective, then an 7i-Galois extension B A is faithfully fiat if and only if A is 
injective as an 7i-comodule. Hence, every 7i-Galois extension is faithfully fiat if Ti. 
is cosemisimple and its antipode is bijective. 

If the algebra TZ-^ is semisimple then the spectral sequence in Theorem 12.231 
collapses. We have already noticed that TZ-h is semisimple if Ti is either semisimple 
and cosemisimple over a field of characteristic zero, or commutative and semisimple. 
In these situations, the edge maps induce isomorphisms 

K ®nu HH„(S, MUnV) = HH„(A M)nnV. (6) 
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By specializing the isomorphism in ([6]) to the case Ti. := (KG)*, we deduce the 
isomorphism in Corollary 12.351 that can be thought of as a generalization of ([3]). 

Our result also explains why the isomorphism ([3]) works for centrally Galois ex- 
tensions but not for arbitrary ones. Namely, the action of 71(kg)* on HH„(i5) is 
trivial for centrally Galois extensions, but not in general. In the last part of the 
paper we show that a similar result holds for Hopf-Galois extensions. Let B ^ A 
be an 7i-comodule algebra, where 7i is a commutative Hopf algebra. If the center 
Z of A is an 7i-subcomodule of A and 2f]B C ^ is a faithfully flat 7Y-Galois 
extension, then we say that B A is centrally ?i-Galois. We fix such an extension 
B C A. In view of Proposition 13.51 the 7?,>^-action on B.B.^{B, MD-j-^V) is trivial. If 
7i is finite-dimensional and dim 7i is not zero in IK, then by Theorem 13.61 

HH,(^, M)DnV ~ HH,(i3, MDnV), 

for every Hopf bimodule M which is symmetric as a 2-bimodule and every left 
7i-comodule V. Assuming that 7i := (KG)* and that the order of G is not zero 
in K, and taking M := A and V := K in the above isomorphism, we obtain the 
isomorphism in ([3]) , cf . Corollary 13. 9[ Another application of Theorem 13.61 is given 
in Corollary 13. 7[ 

Our approach has also the advantage that one can easily recover HH* [A, M) from 
HH^S, M™^). More precisely, in Theorem [SJH we prove the following isomorphism 
of 2-modules and 7i-co modules 

HH,(^, M) ~ Z HH,(i3, M'°^), 

for any centrally 7i-Galois extension B ^ A and any Hopf bimodule M which is 
symmetric as a ^-bimodule, provided that Ti. is finite-dimensional and that dimTi 
is not zero in K. Under the same assumptions, we also show that HC^,(^)*^°''^ and 
HC^, (B) are isomorphic, cf . Theorem 13.131 We conclude the paper by indicating a 
method to produce examples of centrally Hopf-Galois extensions of non-commutative 
algebras. 



1. Preliminaries 

In order to state and prove our main result we need several basic facts concerning 
Hochschild homology of Hopf-Galois extensions. Those that are well-known will be 
only stated, for details the reader being referred to [J^l [§Tl [§2 . 



1.1. Let be a Hopf algebra with comultiplication A-^ and counit e-^- To denote 
the element A-^(/i) we shall use the S-notation 

Similarly, for a left 7Y-comodule (A^, p^v) and a right 7i-comodule {M,pm) we shall 
write 

pN{n) ■■= Y.'f^i-i) ® ^(o> and Pa/ (H = E"^(o> ® "^(i>- 
For {M,pm) as above we define the set of coinvariant elements in M by 

M''"^ := {me M \ pM{m) = m ® 1}. 
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Recall that a comodule algebra is an algebra A which is a right 7i-comodule via a 
morphism of algebras pj^ : A A ^ Ti. Equivalently, {A, pj\) is an 7^-comodule 
algebra if and only if p^(l) = 1 ® 1 and 

pA{.ah) = Ea(o>&(o) ® 0(1)6(1), 

for any a, 6 in A. The set is a subalgebra in A. If there is no danger of 

confusion we shall also denote this subalgebra by B and we shall say that ;B C ^ is 
an 7i-comodule algebra. 

For an 7i-comodule algebra A, the category WV^ of right Hopf modules is defined 
as follows. An object in 971^ is a right ^-module M together with a right 7i-coaction 
Pm : M —>■ M ^Ti such that, for any m E M and a E A, the following compatibility 
relation is verified 

pMima) = Y.'"T'{o)0'{o) ® "^(i>«(i>- (7) 
Obviously, a morphism in DJt^ is a map which is both ^-linear and 7i-colinear. 

The category yiOTt^ is defined similarly. A left .4-module and right ?i-comodule 
(M, Pm) is a left Hopf module if, for any m E M and a E A, 

pM{am) = X;«(o>"^(o> ® a(i)m(i). (8) 

By definition, a Hopf bimodule is an ^-bimodule M together with a right 7i-coaction 
Pm such that relations ([7]) and ([8]) are satisfied for all m G M and a E A. A 
morphism between two Hopf bimodules is, by definition, a map of ^-bimodules 
and 7Y-comodules. The category of Hopf bimodules will be denoted by^OJl^. For 
example, ^ is a Hopf bimodule. 

1.2. Let i3 C ^ be an ?i-comodule algebra. Recall that i3 C ^ is an ?i-Galois 
extension if the canonical K-linear map 

/3 : A®B A ^ A®H, l3{a ® x) = ^ax(o) ® a;(i) 

is bijective. Note that A ®6 A is an object in y^SDT^ with respect to the canonical 
bimodule structure and the 7Y-coaction defined by A ®b Pa- One can also regard 
A® H as an object in ^971^ with the ^-bimodule structure 

a ■ {x ^ h) ■ a' = axa'^Q-^ ® ha'^^y 

and the H-coaction defined by A® ^n- With respect to these Hopf bimodule struc- 
tures is a morphism in ^^371^. 

Definition 1.3. For a K-algebra TZ and an 7?.-bimodule X we define 

Xn := X/[n, X] and X'^ := {x E X \ rx = xr, Vr E 7^}, 

where [JZ, X] is the K-subspace of X generated by all commutators rx — xr, with 
r eTZ and x E X. The class of x G X in X-ji will be denoted by [x]n. 

Remark 1.4. If X is an 7^-bimodule then Xn = Tl X, where W -.= 11® 7^°^' 
denotes the enveloping algebra of TZ. The isomorphism is given by [x]-?^ t-^ 1 ®7^e x. 

1.5. Let now i3 C ^ be an arbitrary extension of algebras. By |J§| , p. 145] it follows 
that {A ®B -^)^ is an associative algebra with the multiplication given by 

= Er=i EJLi ®B b'j^i^ (9) 
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where z = J2i=i^i^Bbi and z' = arbitrary elements in {A<S)b-^)^- 

Moreover, if M is an ^-bimodule then Mq is a right (.4®B^)^-module with respect 
to the action that, for m in M and z = Y17=i ®s ^* (-^ ®s '^)'^; is defined by 

[m]t3 ■ z = Y,'^^^[bimai]t3. (10) 

1.6. Suppose now that i3 C ^ is an 7Y-Galois extension and let M be an ^-bimodule. 
Let i : H — > A^H denote the canonical map i{h) = 1 ^ h. Following [J§| p. 146] 
we define 

K-.n — >{A(S)BAf, K:=/3-^oi. 
For /i G 7i we shall use the notation K,{h) = ^ K^{h) ®b hi^{h). Thus, by definition, 

K\h)K\h)t^o^ ® ^^\h){l) = l®h. (11) 
By |J§[ p. 146], K is an anti-morphism of algebras. Hence 

h-[m]is = E[^^\h)mK'{h)]is (12) 

defines a left 7Y-action on M^. Obviously this structure is functorial in M, so we 
get a functor (— )b : a^A H^- 

1.7. Let 7^ be a Hopf algebra with multiplication m and comultiplication A. Let 
t: T-i®7i^T-L®T-i denote the usual flip map x ® y ^ y ® x. One can prove that 

Cfi : = coker [m — m o t) 

is a quotient coalgebra of 7i, as the linear space generated by all commutators in 
7i is a coideal of Ti. The canonical projection onto Cy, will be denoted by ttt^. Note 
that n-}^ is a trace map, that is TTT-i{hk) = Tifiikh) for all h and k in Ti. 
Dually, 

TZ-H := ker(A - r o A) = {r G | ^ r(i) ® r(2) = ^ r(2) ® r(i)} 
is a subalgebra of 7i. It is clear that 

7^7^ = {r G ■H I Y.r(i) ® r(2) ® r(3) = X;^{2) ® r(3) ®r(i)}. (13) 

1.8. If C is a coalgebra and TZ is an algebra we define the category 7^971*^ as follows. 
The objects in t^OTI'' are left 7?.-modules and right C-comodules such that the map 
Pm that defines the coaction on M is 7?--linear, that is 

A map / : M ^ is a morphism in n^'^ if it is 7^-linear and C-colinear. 

For a right C-comodule {M,pm) and a left C-comodule (V, pv) we define their 
cotensor product by 

MDcV := ker (pm N - M ® pv) , 

Recall that V is said to be coflat if the functor {—)DcV : A4'-' k-M. is exact. 
By |DNRl Theorem 2.4.17] V is cofiat if and only if V is an injective object in the 
category of left C-comodules. 

Note that, if M G and V G ^M, then MDcV is an 7^-submodule ofM^V, 
as MdcV is the kernel of an 7^-linear map. Dually, for a right 7^-module X and an 
object M in 7^371'', the tensor product X M is a quotient C-comodule of X ® M. 
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In some special cases the cotensor product and the tensor product "commute". 
For instance, if X is a right 7?.-module, is a left C-comodule and M G n^'^ then 

{X®nM)UcV ^X®n{MUcV), (14) 

provided that either X is fiat or V is injective. 

1.9. Let 21 and *B be two abelian categories and assume that, for each n G M, a 
functor T„ : 21 — > 03 is given. We say that T^, is a homological 6-functor if, for 
every short exact sequence 

— > X' — > X — >X" — > (15) 

in 21 and n > 0, there are "connecting" morphism 5„ : T„(X") T„_i(X') such 
that 

> Tn{X') T„(X) Tn{X") ^ T„_i(X') ^ ■ ■ ■ 

is exact and functorial in the sequence in f|T5l) . Furthermore, T^, is said to be e/- 
faceable if, for each object X in 21, there is an object P in 21 together with an 
epimorphism from P to X such that T„(P) = for any n > 0. A morphism of 
5- functors and 5*^. with connecting homomorphisms 5* and d^, respectively, is a 
sequence of natural transformations 0* : T^, — > S** such that, for n > 0, 

By Theorem 7.5 in [Brl Chapter III], homological and effaceable (5-functors have the 
following universal property. If and S^, are homological and effaceable (5-functors 
and (po '■ To ^ Sq is a natural transformation, then there is a unique morphism of 
(5-functors 0* : ^ 5** that lifts (po- 

Proposition 1.10. Let H be a Hopf algebra with antipode S-h- Suppose that B C A 
is an Ti-Galois extension, {M,pm) is a Hopf bimodule and V is a left Ti-comodule. 

(1) There is a K-linear map po{M) : — s> Mg ®7Y such that {Mq, po{M)) is a 
quotient Ti-comodule of {M,pm)- Moreover, for m & M and h ^Ti we have 

po{M){h ■ [mje] = Yl ^(2) ■ ["i(o>]e ® h3)^a)^'Hhi)- (^6) 

(2) // S-H is an involution, then (Afg ® T^n) ° Po{M) : Mq Mis ® C-^ is a 
morphism of left TZy^-modules. Hence, with respect to the above Cn-comodule 
structure, Mg is an object in 7^,^971'^^ and, for any right IZy^-module X , the 
coalgebra C-^ coacts canonically on X ^n-H ^b- The C-^-coaction on Mq will 
be denoted by po{M) too. 

(3) IfV is a left C-yi-comodule then MOcn^ ^■^ ^ B'^-submodule of M ®V . Under 
the additional assumption that V is injective, {M\3c^V)b and Mb\3c^V are 
isomorphic linear spaces. In particular, the action ofTZ-u on the latter vector 
space can be transported to {M\3c^V)]3. 

Proof. (1) Obviously, (M/3,po(^)) is a quotient 7Y-comodule of M, as M] is a 
subcomodule of M. For M = A, identity f|T6l) is proven in |J§| , Proposition 2.6]. 
The general case can be handled in a similar manner, replacing a E Ahj m E M 
everywhere in the proof of p§[ Relation (6)]. 

(2) Recall that S-h is an involution, i.e. 5^ = Id?^, if and only if 

E r(2)S'Hr{i) = E '5^^(2)^(1) = e{r)ln. (17) 
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Clearly (Mg ® vr^^) o po{M) defines a C->f-comodule structure on Mg. For brevity we 
shall denote this map by po{M) too. For r G TZn and m G M we get 

po(M)(r ■ [m]o(M)) = ^r^2) ■ N(o)]b ® 7r7^(?^{3)"^(i> 5*^^(1)) 
= E'^(2) ■ ["^(o)]b ® 7r7^("^(i)'5w?^(i)r(3)) 
= E '^(s) ■ ["^(o)]b ® 7r7^("i(i)r(2)5'Hr(i)) 

= r-po(M)([m]e). 

Note that the second and the third equalities are consequences of the fact that ir-n is 
a trace map and respectively of relation f|T3|) . To deduce the penultimate identity we 
use (1171) . In conclusion, po{M) is a morphism of 7^7^-modules. Hence M is an object 
in n^dyf'^ and, in view of §1.8[ one can regard Mq ^-ji X as a quotient comodule of 

(3) Obviously, p' := [M (Sit^h)^ P defines a CT^-coaction on M and it is a morphism 
of i3-bimodules, as p is so. Thus {M,p') is an object in ^eOJt'''" and MDc^Vis a B'^- 
submodule oi M ^V, cf. §1.8[ If is an injective C>^-comodule, then 

{MDc^V)b = B ®t3^ {MUc^V) ^ {B M)Uc^V ^ MbUc^V. (18) 

Since Mg is an object in t^^OJI'^^, it follows that M^Dc^V is an 7?.7^-submodule of 
Mg® V. In particular, MsDc^V is an 7^.7^-module. To conclude the proof, we take on 
(Mnc^y)g the unique T^-^^-action that makes the composition of the isomorphisms 
in f|T8l) an T^-^^-linear map. □ 

Remark 1.11. We keep the assumptions in the third part of Proposition II. lOl Let 
z := X]r=i ® element in MOc^V. The composition of the 7^7^-linear 

isomorphisms in (fT8|) maps [z]b to E"=i['7ij]B ® fi. Obviously, this isomorphism is 
natural in M G a^^- It is not hard to see that, for h G TZn^ 

h ■ [z]b = YJi=i[i^^{h)miK^{h) (g) Vi\B. 

2. The spectral sequence 

In this section, given an 7i-Galois extension i3 C a Hopf bimodule M and 
an injective left C>^-comodule V , we construct a spectral sequence that converges to 
Y{^{A, M)\3c^V . Our result. Theorem 12.231 will be obtained as a direct application 
of a variant of Grothendieck's spectral sequence, which will be deduced from the 
following two lemmas and |Wel Corollary 5.8.4]. 

Recall that a category 2t is cocomplete if and only if any set of objects in 21 has 
a direct sum. If X is an object in a category, then we shall also write X for the 
identity map of X. 

Lemma 2.1. Let 21 and 03 he cocomplete ahelian categories and let H, if ' : 21 ^ ^ 
be two right exact functors that commute with direct sums. If U is a generator in 
2t and there is a natural morphism (p : H ^ H' such that 4>{U) is an isomorphism, 
then (piX) is an isomorphism, for every object X in 21. 
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Proof. Let X be an object in 21. Since f/ is a generator in 21, there is an exact 
sequence 

u(J) u^n ^ X ^ 0, 

where / and J are certain sets. Hence in the following diagram 

^ T^ H(u) H(v) , , 



the squares are commutative and the lines are exact. Recall that B. commutes with 
direct sums if the canonical map a : (Bi£iH{Xi) — H{(Bi£iXi) is an isomorphism 
for each family of objects {Xi)i^j in 21. Now one can see easily that (f){U^^^) and 
(j){U^'''^) are isomorphisms, as H and H' commute with direct sums and 4>{U) is an 
isomorphism. Thus (t){X) is an isomorphism too. □ 

Lemma 2.2. Let 01, 03 andC be cocomplete abelian categories with enough projective 
objects. Let F : B ^ €. and G : 21 — > ^ be right exact functors that commute with 
direct sums. If U is a generator in 21 such that G{U) is F-acyclic, then G{P) is 
F -acyclic for any projective object P in 21. 

Proof. Recall that G{U) is F-acychc if L„F(G(t/)) = for any n > 0. Let P be a 
projective object in 21. There is a set / such that P is a direct summand of U^^\ 
Hence G{P) is a direct summand of G{U^^^). On the other hand, the proof of [Wet 
Corollary 2.6.11] works for any functor that commutes with direct sums. Thus L„P 
commutes with direct sums, so G{U^^^) = G{U)^^^ is P-acyclic. Then G{P) is also 
P-acyclic. □ 

Proposition 2.3. Let G : ^ ^ ^, F : ^ ^ (t and H : ^ ^ € be right exact 
functors that commute with direct sums, where 21, *B and C are cocomplete abelian 
categories with enough projective objects. Assume that U is a generator in 21 and 
that (f) : FoG ^ H is a natural transformation. If(f){U) is an isomorphism and G{U) 
is F-acyclic then, for every object X in 21, there is a functorial spectral sequence 

LpF{L,G{X)) =^ Lp+,H{X). (19) 

Proof. By Lemma 12.11 for every object X the morphism (f){X) is an isomorphism. 
On the other hand, if X is projective in 21 then LnF{G{X)) = for every n G N*. 
Hence, we obtain f|T9l) as a particular case of |Wel Corollary 5.8.4]. □ 

We take i3 C ^ to be a faithfully fiat Galois extension. For proving Theorem 
12.231 one of our main results, we shall apply Proposition 12.31 In order to do that we 
need some properties of the category a-^a- start with the following. 

Proposition 2.4. Let H be a Hopf algebra with bijective antipode. Let B C A be 
a faithfully fiat Ti- Galois extension. Then A ® A is a projective generator in the 
category of Hopf bimodules. It is also projective as a B-bimodule. 
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Proof. By jSSl Theorem 4.10] the induction functor (— ) ®e A : TIb — > O^l^ 
equivalence of categories and its inverse is (— )™^. We deduce that, for an arbitrary 
right Hopf module X, the canonical map X'^"^ ®b ^ — > X induced by the module 
structure of X is an isomorphism of right Hopf modules. Let M be a Hopf bimodule. 
Hence, the v4-bimodule structure on M defines an epimorphism ^®M™^®^ —* M 
of Hopf bimodules. Thus .4 ® v4 is a generator in the category ^971^. 

Let p : X — ^ y be an epimorphism of Hopf bimodules and f : A ® A ^ Y 
be an arbitrary morphism in a^^- We want to show that there is a morphism 
g : A<S) A ^ X of Hopf bimodules such that p o g = f. Indeed, if y := /(l^ ® 1^) 
then y G Y^°^. Since (— )™''^ : OJt^ DJis is an equivalence of categories it follows 
that (-)™^ is exact. Hence = y™^. Let x e X''°'^ be an element such that 

p{x) = y. There is a unique morphism of ^-bimodules g : A(^ A —>■ X such that 
g{a' ® a") = a'xa". Since x is an 7i-coinvariant element in X, one can check easily 
that 5^ is a map of 7i-comodules too. Obviously, po g = f- 

By |SSt Theorems 4.9 and 4.10] A is projective as a left and right i3-module. Thus 
A'^ is projective as a left i3^-module, that is ^ ® ^ is a projective i3-bimodule. □ 

Corollary 2.5. Let Ti he a Hopf algebra with bijective antipode. If B A is a 
faithfully flat Ti- Galois extension then ^971^ has enough projective objects. 

Proof. Every category with a projective generator has enough projective objects. □ 

Definition 2.6. For a K-algebra TZ and an 7^-bimodule X, let {C*(Jl, X),b^) be 
the chain complex given by C„(7^, X) = X ^ 7^®" g^j^^j 

bn{x ® ri (g) ■ ■ ■ (g) r„) = xri (g) ■ ■ ■ (g) r„ + YH=ii~^y^ (g ri (g ■ ■ ■ (g ViVi+i (g ■ ■ ■ (g r„ 

+ (-l)V„x (g n (g ■ ■ ■ (g r„_i. 

Hochschild homology of TZ with coefficients in X is, by definition, the homology of 
(C,(7^,X),6,). It will be denoted by HH,(7^,X). 

2.7. Let TZ and X be as in the above definition. It is well-known that Hochschild 
homology of TZ with coefficients in X may be defined in an equivalent way by 

HH,(7^,X) = Torf (7^,X). 

Since Xn = TZ (g-^e X, it also follows that HH,,(7^, — ) are the left derived functors 
of {-)n ■■ n^n ^ ^k- 

2.8. Let S C ^ be an 7i-comodule algebra and M be a Hopf bimodule. Obviously, 
Pn{M) : Cn{B, M) ^ M)®Ti given by 

Pn{M) (m (g 61 (g ■ ■ ■ (g 6„) = X] ("^(0) ® &i ® ■ ■ ■ (g &n) ® rriii). 

defines a comodule structure on C„(i3, M) such that C*(i3, M) is a complex of right 
7i-comodules. Note that, if Z is the center of A then C^{B, M) is a complex of left 
Zq- modules, where := Z f]B. Indeed, Zo-acts on M (g B'^"' by 

^; ■ (m (g 61 (g ■ ■ ■ (g 6„) = (2; ■ m) (g 61 (g ■ ■ ■ (g 

and the differential maps b^, are morphisms of ^o-Hiodules. Clearly, Pn{M) is a mor- 
phism of Zq- modules, so C„(i3, — ) can be seen as a functor from ^9Jt^ to the category 
of chain complexes in z^dJl'^. Therefore, a fortiori, the functors HH*(i3, — ) map a 
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Hopf bimodule to an object in Zq^^- The 7Y-coaction on HH*(S, M) will still be 
denoted by p^{M). 

Remark 2.9. By definition, Hochschild homology of B with coefficients in M in 
degree zero equals Mg. Thus in Proposition 11.101 (1) and §2.81 we constructed two 
H-coactions on Mg, both of them being denoted by po{M). The notation we have 
used is consistent, as these coactions are identical. 

Lemma 2.10. LetTi he a Hopf algebra with bijective antipode. IfB Ais a faithfully 
fiat Ti-Galois extension then HH=|,(;B, — ) : ~^ Zo'^^ is a homological and 

effaceable 6-functor, where Z is the center of A and Zq := Zf]B. 

Proof. We take a short exact sequence of Hopf bimodules 

— > M' — > M — > M" — > 0. (20) 

We have to prove that there are connecting maps 5„ : HH„(i3, M") HH„_i(i3, M'), 
which are homomorphisms of ^o-modules and 7i-comodules, making 

> HH„(i3, M') HH„(B, M) ^ HH„(S, M") ^ HH„_i(S, M') ^ • ■ ■ 

a functorial exact sequence. In our setting, the connecting maps are obtained by 
applying the long exact sequence in homology to the following short exact sequence 
of complexes in Zq^^ 

C^B, M') C^B, M) C,{B, M") ^ 0. 

Let us prove that HH=i,(i3, — ) is effaceable too. Let M be a given Hopf bimodule. 
By Proposition 12.41 there exists a certain set / such that M is the quotient of 
P .= {A® A)^^"^ as a Hopf bimodule. In view of the same proposition, A(^ A is 
projective as a i3-bimodule. Thus, for n > 0, 

HH„(i3,P)^Torf (i3,P) = 0. 

Hence the lemma is completely proven. □ 

Remark 2.11. Both HH^.(i3, — ) and HH*(,B, — ) ®?i can be seen as homological and 
effaceable (5-functors that map a Hopf bimodule to an object in ^^OJl^. The natural 
transformations p*(— ) in §2.81 define a morphisms of 5-functors that lifts 

po(-) : HHo(i3, -) — > HHo(S, -) ® H. 

Proposition 2.12. Let Ti be a Hopf algebra with bijective antipode. We assume 
that B A is a faithfully flat Ti- Galois extension and that M is a Hopf bimodule. 

(1) There is an Ti-action on HH„(;B, M) that extends the module structure de- 
fined in [W^) . Moreover, for any h ETi and uj G HH„(S, M), 

Pn{M){h ■uj) = Yl h(2) ■ c^(o> ® h^3)Uj(^i)Snh{i). (21) 

(2) // the antipode of Ti is involutive then HH^.(i3, — ) is a homological and ef- 
faceable 6-functor that takes values in Hn®Zo'^^'^ ■ 

Proof. (1) We fix /i G 7Y. The module structure constructed in formula fll2p defines 
a natural map 

/iS(M) : HHo(i3, A/) ^ HHo(i3,M), p'^{M){\m]e) = h ■ [m]^. 
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In view of Lemma [2. 101 the (5-functor HH=K(yB, — ) : ^OJt^ — > Zq^^ is homological and 
effaceable. Hence, by the universal property of these functors (see §1.9p there is a 
unique morphism of 5-functors 

/i^(-) :HH,(i3,-)^HH,(S,-) 

that lifts yUg(— ). Note that, by definition, ) and the connecting morphisms S^, 
are morphisms of Zo-modules and 7i-comodules. For uj G HH„(i3, M), we set 

h-u:=fi'^iM)iiu). 

Proceeding as in the proof of |§1| , Proposition 2.4], one can easily see that the above 
formula defines a natural action of Ti on HH„(i3, M). By construction, it lifts the 
action in f|T2|) . Note that, for any n, the connecting maps 6n are morphisms of 
7i-modules, since ) is a morphism of 5-functors. 

To conclude the proof of this part, it remains to prove relation fl2Tl) . We proceed 
by induction. In degree zero the required identity holds by f|T6l) . Let us assume that 
(I2TI) holds in degree n for any Hopf bimodule. Let M be a given Hopf bimodule. 
We take an exact sequence 

— ^ K — > P — > M — ^ 

of Hopf bimodules such that P := {A A)^^\ Since Sn+i is a homomorphism of 
7Y-modules and ?i-comodules and using the induction hypothesis, for /i e and 
UJ e HH„+i(;B,M), we get 

((5„H_i ® n) (p„+i(M)(/i ■uj))= pn{K) {5n+i{h ■ Uj)) 

= Pn{K) {h ■ 5n+l{uj)) 

= I] ^(2) ■ 5n+i^o>) ® h(^3)Uj/^i)Snh{i) 

= {5n+i ® H) {Y, /i(2) ■ uj{o) ® h^)^W^nh{^)) ■ 

As HH„_|_i(i3, P) = it follows that 6n+i is injective. Consequently, 6n+i ® is also 
injective. Thus the foregoing computation implies relation fl2ip . 
(2) Let M be a given Hopf bimodule. For z E Zq we define 

z/^(M) : HH„(S, M) ^ HH„(S, M), <(M) {00) = z ■ 00. 

We claim that ) and ) commute for all h eH, i.e. 

f^'A')°'^:i-) = '^:i-)°f^':i-)- (22) 

In degree zero this identity follows from the computation below, where for brevity 
we write /ig and instead of fio{M) and i/q(M). Indeed, 

K ° '^o) (Hb) = E [K\h)zmK\h)]^ = z-Yl [K\h)mK\h)]i^ = {u^ o ([m]^) , 

where for the second equality we used that 2; is a central element. Furthermore, 
the natural transformations that appear in the left and right hand sides of ( l22l) 
are morphisms of 5-functors that lift respectively /io(— ) o i^o(— ) and i^o(— ) o /io(— ). 
Hence ( 122|) follows by the universal property of homological and 5-functors. In view 
of the relation (122!) it follows that HH„ (i3, M) is an ® 2^o-niodule with respect to 

(h CB> z) ■ u = [p'^^iM) o u:XM)] M. 
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We can now prove that HH„(i3, M) is an object in ■jZn'^Zo^'^^- As TZn^ is 
subalgebra of ® Zq, it acts on HH„(S, M). The coalgebra Cu coacts on the 
Hochschild homology of B with coefficients in M via 

p,(M) := (HH,(i3, M) ® ttt^) ® p(M). 

To simphfy the notation, we shall write p*(M) instead of p*(M). We have to show 
that Pn{M) is a morphism of TZ-^ ® .Eo-modules. By Lemma [2.101 we already know 
that Pn{M) is a morphism of -Zo-niodules. Thus, it remains to check that Pn{M) is 
a morphism of 7^-^-modules too. For the case n = see the proof of Proposition 
11.101 (2). In fact, the same proof works for an arbitrary n, just replacing [m]g by an 
element a; G HH„ (i3,M) and using fl2Tl) instead of (fT6l) . 

We still have to prove that HH=i.(i3, — ) : ~^ Tin<s>Zo^^^ is a homological and 

effaceable 5-functor, i.e. for every short exact of Hopf bimodules the corresponding 
connecting maps 5* are morphisms of TZn ® ^o-modules and ?i-comodules. By 
Lemma r2.10[ it follows that 6^^ are morphisms of ^o-Hiodules and 7i-comodules. By 
the proof of the first part of the proposition, 5* are also morphisms of H-modules. 
Hence, a fortiori, they are morphisms of 7^7^-modules. □ 

2.13. The natural transformations that define the 7^7^-module and the CT^-comodule 
structures of HH*(,B, — ), as in the above proposition, will be denoted by ) and 
p*(— ), respectively. 

Let us take an injective left C^^-comodule V. By §1.8[ for a Hopf bimodule M, 
the cotensor product HR^^B, M)Dc^V is a left 71-}^ ® Zg-module. It follows that 
HH^,(B, —)\I\ch^ is ^ homological and effaceable functor from the category of Hopf 
bimodules to the category of left TZ-h ® 2^o-Hiodules. Of course, its connecting maps 
are (J^Dc^y, where 5* are the connecting homomorphisms of the (5-functor HH*(S, — ). 

To simplify the notation, we shall denote HHo(i3, —)Dc^V by Gy- By the fore- 
going observations Gy maps a Hopf bimodule to a left TZ-h ® Zo-module. Our aim 
now is to describe the left derived functors of Gy- 

Proposition 2.14. Let H be a Hopf algebra such that Sj^ = Idj^. If B C A is a 
faithfully flat Ti -Galois extension and V is an injective C-j^-comodule, then 

HH,(i3, -Dc^V) : A^A nn^zo^ 
is a homological and effaceable 6-functor. As 6-functors from a^^ to n-H^Zo^! 

UGv = HH,(i3, -)nc^V ^ HH, {B, -Dc^V) . (23) 

Proof. By Proposition 11.101 (3) the cotensor product MOc is a i3-bimodule, 
for every Hopf bimodule M. Hence Hochschild homology of B with coefficients 
in MlDc^V makes sense. We set := HH*(i3, — Dc^l^) and take a short exact 
sequence of Hopf bimodules as in fl2U]) . Since V is an injective comodule, 

M'Dc^V) G,{B, MDc^V) G,{B, M"nc^V) 

is exact. By the definition of and the long exact sequence in homology we deduce 
that is homological, regarded as a (5-functor to the category of vector spaces. 
Recall that U:=A®Aisa. generator in the category of Hopf bimodules. Therefore, 
to prove that is effaceable, it is enough to show that T„ (X) = 0, where X is an 
arbitrary direct sum of copies of U and n > 0. In fact, as Hochschild homology and 
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the cotensor product commute with direct sums, we may assume that X = U. We 
claim that UOc^V is flat as a S-bimodule. By ( IT4|) . for an arbitrary S-bimodule TV, 

Hence, the functors (— ([/Dc^y) and (— □c„y)o(^ — 0^ A) are isomorphic. 
Since the antipode of Ti. is bijective, by \SS\ Theorems 4.9 and 4.10], A is faithfully 
flat as a left and a right S-module. Therefore, A ®s ~ ®b ^ is an exact functor. As 
V is injective, the functor {—)Dc^V is also exact, so UDc^V is flat. Thus 

T„(f/)=Torf(i3, UDc^V) = 0. 

Summarizing, : — ^ ^ homological and effaceable (5-functor. 

For each Hopf bimodule M, our aim now is to endow (M) with a left module 
structure over TZ-n (8> Zq- Let us first consider the case n = 0. By Proposition ll.lOl 
(3), there is a canonical left 7^7^-action on Tq (M) such that 

To(M) = HHo(S,M)nc„l^, (24) 

the natural K-linear isomorphism constructed in (fT8|) . is a homomorphism of TZn- 
modules. As M is an object in Zo^^^ by gL8l it follows that MDc^V is a left 
Zo-submodule of M ® V! In particular this cotensor product is a left Zo-module. 
Furthermore, Tq (M) is a quotient Zo-module of MDc^V, as the commutator space 
[B, M\3c^ V] is a Zo-submodule of MDc^ V. Obviously, with respect to this module 
structure, Tq (M) becomes a module over TZ-h^Zq and the isomorphism in is a 
map of TZ-j-i ® 2^o-niodules. Since T^, is a homological and effaceable functor, one can 
proceed as in the proof of Proposition 12. 121 to lift the TZt-i(^ Zq- action on Tq (M) to a 
natural TZ-^ ^o-niodule structure on T^,(M), for every Hopf bimodule M. Again as 
in the proof of the above mentioned result, we can show that : a^a ~^ n-n^Zo^ 
is homological and effaceable. 

It remains to prove the isomorphisms in fl23!) . Note that the left derived functors 
of a right exact functor define a homological and effaceable (5-functor. Thus L^:Gv is 
a homological and effaceable 5-functor. Clearly, LqGv = HHoiB, —)Dc^V . Hence, 
by the universal property of homological and effaceable 5-functors, this identity may 
be lifted to give the first isomorphism in (125]) . The second isomorphism is obtained 
in a similar manner, by lifting the natural transformation in (124|) . □ 

2.15. Let B <^A be an 7Y-comodule algebra and let M be a Hopf bimodule. Following 
|§2[ Theorem 1.3] we regard C*(^, M) as a complex in the category DJf'^ with 
respect to the coaction that in degree n is given by 

Qn{M){m ® (g) ■ ■ ■ ® a") = ^rra(o) ® a^Q) ® ■ ■ ■ ® a^g) ® t^v. {'m(i)o\i) ■ ■ ■ . 

Recall that ti-h denotes the projection of Ti onto C-^ and that Zq = Zf]B. It is not 
difficult to see that C^:{A,M) is a complex of left ^o-niodules with respect to the 
action that in degree n is defined by 

z ■ {m0 ■ ■ ■ ® a^) = zm ® ■ ■ ■ a"'. 

In fact, since Zq contains only coinvariant elements, it follows that C^{A,M) is a 
complex in zo^^- Therefore, HH„(^,M) is an object in the same category, for 
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every n. In view of §1.81 it follows that Y{Y{^{A, M)\3c^V is a left ^o-module, for 
any injective left C>^-comodule V . Therefore 

Hv : A^A ^o9^> Hv{M) := MaUc^V. 

is a well defined functor, as by the foregoing remarks M_4 = HHo(^, M) is a right 
C->^-module and Hy{M) is a ZQ-m.od,v\e. 

Proposition 2.16. Let B C A be a faithfully flat H-Galois extension, where H is 
a Hopf algebra with bijective antipode. IfV is an injective C-H-comodule, then there 
is an isomorphism of 5 -functors 

UHy = }mM.-)^Cny- (25) 

Proof. First, let us show that T^, := HH*(^, —)\I\c^V is a homological and effaceable 
5-functor to the category of left .Zo-modules. For a short exact sequence as in (120|) . 

— ^ CM, M') C,{A, M) C,{A, M") 

is an exact sequence of complexes in ^^971''^. Therefore, the corresponding long exact 
sequence in homology lives in the same category. In particular, its connecting maps 
6^: are morphisms of ^o-^iodules and CT^-comodules, so are ^^o-line^r. Since V is 
injective, the functor (— )nc^y is exact. Thus T^, is a homological functor with 
connecting maps 6^nc^V. 

By Proposition 12.41 the Hopf bimodule U := ^® ^ is a generator. We also have 

HH„(A U)nc^V = ToTf{A,A')nc^V = 0. 

In conclusion T^, is effaceable, as Hochschild homology and the cotensor product 
commute with direct sums. The isomorphisms in (!25|) are obtained by lifting the 
identity LqHv = Tq, as in the proof of Proposition 12. 14[ □ 

2.17. Since 7i is a Hopf algebra, the category of right 7i-comodules is monoidal, 
with respect to the tensor product of vector spaces, on which we put the diagonal 
coaction. More precisely, if V and W are right 7Y-comodules then Ti. coacts onV^W 
via the map 

where v E V, w E W. Let us denote the right adjoint coaction of Ti. on itself by H^'^. 
Recall that the map '■ 'H ^ Ti ® 7i that define this coaction is given by 

Pnih) = ^(2) ® 5'/i(i)/i(3). 

Hence A ® Ti.^'^ is a right 7i-comodule. Consequently, it is a CT^-comodule via 

P^®?<(a ®h) = J2 «(o> ® h(2) ® Tin (a(i)5'/i(i)/i(3)) . (26) 

2.18. For a Hopf algebra H let 

7^+ := ker^H and := 7^+ D TZh- 

If X is an 7^7.{®>Zo-module, then TZ^X is a .Zo-submodule of X, as the corresponding 
actions of TZ-h and Zq on X commute. For the same reason, K^n^ X is a Zo-module. 
Obviously, with respect to these module structures, the canonical isomorphism 

K ®7^„ X = X/ (7^+X) 
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is Zo-Mnea.!. For example, Zq acts on K ^-jin Gv{M) such that, for 

C = ELl K]^ ® ^^ (27) 

in Gv'(^) and z in .Eq we have 

Z ■ (1 ®7^„ C) = Er=l 1 ®7^H [z^i]B ® 

In view of this observation, we shall regard K®7^7^ Gy as a functor from the category 
of Hopf bimodules to the category of left Zo-modules. 

Lemma 2.19. Let TZ and C denote an algebra and a coalgebra, respectively, over a 
field K. If {M,Pm) G 7^971'' then there is a unique morphism of 6 -functors 

p,(-) : Toifi-, M) ^ Tor:^(-, M) ® C 

that lifts po{—) '■= {—) ®n Pai md defines a C-coaction on Tor^(— ,M). 

Proof Obviously, Tor^(-,M) and Torf(-,M) ®C are homological and effaceable 
(5-functors, which are defined on the category of right 7^-modules. In degree zero, 
Po(— ) := (— ) ®7^ Pm defines a C-comodule structure on Tor^(— , M) = (— ) C. 
By the universal property, there is a morphism of 5-functors 

p.(-) : Tor^(-, M) ^ Tor^f (-, M) ® C 

that lifts po- We want to prove that p*(— ) defines a coaction on Tor^(— ,M). We 
have already remarked that this property holds in degree zero, so 

(po(-) ® C) o po(-) = (- ® Ac) o po(-). (28) 

We need a similar identity for p„(— ). Note that Tor^(— , M) ® C ® C is also a 
homological and effaceable (5-functor. Clearly, (p*(— ) ® C) o p*(— ) and (— ® A^) o 
p*(— ) lift the natural transformations in the left and respectively right hand sides 
of (l28ll . Hence, by the uniqueness of the lifting, these morphisms of 5-functors are 
equal (see the universal property in §1.9p . □ 

Remark 2.20. In view of the previous lemma, p*(— ) is a homomorphism of 6- 
functors. Hence, for an exact sequence of right 7^-modules as in f|T5l) and an object 
M in Tz'OJl'^, the connecting maps 

6. : Tor? (X", M) ^ Tor!Li(X', M) 

are morphisms of C-comodules. 

Lemma 2.21. Let B A be a faithfully flat Ti-Galois extension over a Hopf algebra 
such that = Id-^. Let V be an injective C-H-comodule and set U := A® A. 

(1) Let Gy and Hy be the functors defined respectively in §2.131 and §2.151 For 
every Hopf bimodule M and ( as in the formula 

0(M)(i®c) = Er=i K]^®^. 

defines a natural transformation 0(— ) : K ®7^^ Gy{—) — > Hy{—). 

(2) The algebra TZ-)^ acts on A®'H via the multiplication in Ti so that A^Ti is 
an object in -ji^'^XR^'^ with respect to the coaction 

(3) The C-H- coaction on A®'H induces a comodule structure on Tor^^ (K, A®'H) . 
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(4) We assume, in addition, that TZ^H = and Tor^«(K,7^) = 0, for every 
n > 0. Then 4>{U) is an isomorphism and Tor^'" (K, GyiU)) = 0, for n > 0. 

Proof. (1) Let M be a Hopf bimodule and let p{M) : Mq — s> denote the canonical 
projection. Clearly, p{M) is a natural morphism of C'^-modules. To simplify the no- 
tation, set p := p{M). By the foregoing, f := p Oc^V is well-defined. Furthermore, 
by [J§| Proposition 2.6], 

K^{r)H?{r) = e{r). 

Let ( be an element in MgDc^V satisfying relation Since [am]_4 = [ma]_4, for 
every r G TZn^ ^ straightforward computation yields 

fir ■ = Eti[^Hr)m.^^\r)U ® = e{r)f{C). 

Thus, there exists a natural map (f){M) : K (8)7^^ Gv{M) — > Hy{M) of ^o-niodules, 
which is uniquely defined such that 

0(M)(lK®7^H C) = /(C). 

(2) We regard A^H as a, left T^^^-module via the multiplication in H. Let us 
prove that Pa^h is a morphism of 7^-^-modules. We pick up a E A, h & H and 
r G T^tj;. Thus 

PA^.nia ®rh) = Y, ^(o) ® ^"(2)^(2) ® tt^^ (0(1)5"?^ (r(i)/i(i))r(3)/i(3)) 
= E a(o) ® '"(2)/i(2) ® TT^^ {a{i)Snh(^i)Snr(i)r^3)h^3)) 
= E «(o) ® r^3)h(2) <S) hh {0'{i)Snh{i)SHr{2)r{i)h(^)) 

= E «(0> ® ^"^(2) ® TTn (a(i) 5*7^/1(1) /l(3)) 

Note that the third equality follows by f[T51) . while in the fourth one we used f[T7l) . 

(3) This part is a direct application of Lemma [2.191 

(4) Let X := (3 o 7], where f3 is the canonical map in the definition of Hopf-Galois 
extensions and rj is the following K-linear isomorphism 

rj : {A0 A)b ^ A^B v{[0'®^]b) =x®i3 0'- 
By the definition of (3 and rj we can easily show that 

\{[a® x\b) = Yl ^"-{0} ® «(i>- 

We claim that A is an isomorphism in ■ji^'OJf'^. Obviously, A is bijective as /3 and rj 
are so. If r G TZy, and a, x E A then 

A(r ■ [a ® x]b) = A (E['«^('")a ® ^^^(r)]^) 

= E XKi(r)K2(r)(o)a(o> ® K^{r)(^i)a(^i) 

= Y.^(^{o) ® ™(i>, 

where for the last equality we used (ITT!) . Thus A is a morphism of 7^7^-modules. Let 
p denote the coaction of Cn on {A^ A)b- Hence, by the definition of p and the fact 
that ir-n is a trace map, we get 

{\0n)o p{[a (g) x]b) = E ([«(o> ® X{o)]b) ® 7r7^(«(i)a;(i)) 

= E a;(o>a(o) ® 0(1) (g) 7rH(a;(i)a(2))- 
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On the other hand, by (l26i) . it follows 

Pa<}^h ° H[a (S) x]i3) = p^®w (Ea;«(o) ® «(i>) 

= E(a;a(o>)(o> ® (a(i))(2) ® T^H ((a;«(o>)(i>'5H(a(i>(,))a(i)^3j) 

= J2 X{o)(^{o) ® 0(3> ® 7r7^(a;(i)a(i>S'?^;a(2>a(4>) 

= E^(o)a(o> ®a(i> ® 7r7^(a^(i)a(2>)- 

Summarizing, the computation above shows us that A is a morphism of CT^-comodules 
too. Furthermore, for a right 7?.->^-module N, we get 

where the first isomorphism is defined by N {\\3c^V) and the second one comes 
from the commutation of the tensor product and the cotensor product. We have 
obtained a natural isomorphism 

u{N) : N ®nn Gv{U) -^[A®{N ®nn ^)] ^CnV 
given, for z := Yll=i ® ® "^^ Gy{U) and a; G A^, by 

Let us prove that is an isomorphism. Since Ti/TZ^Ti. = K, 

K ^ = ^w/^w ®7^« ^ = n/n+n ^ k. 

Note that this isomorphism maps 1 ^ti-h ^ to e{h). Let 7 be the composition of the 
isomorphism [A ® (K ®TZn ^)] ^c^l^ = AOc^V and i/(K). Then 

7(1 = Ef=i E ® 

where z G is given by the same formula as above. Furthermore, the multi- 

plication in A induces an isomorphism of CT^-comodules 

/i : Ujx — > A, /i([a' ® a"]A) = o!'a' . 

It is easy to see that (piU) = (/i Dc^V) o 7, so 4>{U) is an isomorphism. 

Let P^, be a resolution of IK in ^Hh- "^^^ natural transformation u yields iso- 
morphisms 

P* ®nu GviU) = [A® (P, ®nn ^)] ^CnV- 
Since A® (— ) and {—)\3c^V are exact functors it follows 

Tor^«(K,Gv(f/)) - [A®Toi^^{K,'H)]Uc^V. 

Hence the lemma is completely proven as Tor^« (K, H) = 0, for every n > 0. □ 

Definition 2.22. We say that a Hopf algebra Ti has enough cocommutative elements 

if np-L = n+. 

Theorem 2.23. Let H be a Hopf algebra such that = Idfi. We assume that H 
has enough cocommutative elements and Tor^'"(K, 7i) = 0. If B C A is a faithfully 
flat Ti-Galois extension and V is an injective left C-j^-comodule then, for every Hopf 
bimodule M , there is a spectral sequence in the category ^qSJI 

Tor^«(K, HH,(i3, MUc^V)) =^ BR^^A M)Uc^V. (29) 
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Proof. We know that U := A ^ A is a. generator in ^9Jt^. In view of Lemma \2.21\ 
one can apply Proposition 12.31 to the following categories: 

21 := A^A, *B :=7^«®^o ^ ■= z.^- 

The functors F, Gy and H are given by 

F := K (-), Gy := (-)Bnc«F, i/y := (-).4nc«^ 

and the natural transformation cf) : F o Gy — > Hy is defined in Lemma [2.211 (1). To 
compute the left derived functors of Gy and Hy we use Propositions 12.141 and 12.161 
Since any projective TZ-h ® Zo-module is also projective as an 7^7^-module, it follows 
that L„F ^ Tor^« (K, -) . □ 

Proposition 2.24. Let Ti. be a finite- dimensional Hopf algebra over a field K 
of characteristic zero such that = Id^^. Then TZ-^ is semisimple and C-^ is 
cosemisimple. 

Proof. We first prove that TZ-^ is semisimple in the case when IK is algebraically 
closed. By Larson- Radford Theorem |DNRl Theorem 7.4.6], it follows that Ti is 
semisimple and cosemisimple. We claim that, in this particular case, TZt-c* equals 
the K-subalgebra C^{7{) of 7i* , which is generated by the set of characters of Ti. 
For the definition and properties of characters of a semisimple Hopf algebra, the 
reader is referred to |DNR[ Section 7.5]. Recall that an element a G Ti* is said to 
be a trace map on Ti if and only if a vanishes on the space of commutators [7i, Ti]. 
Let us show that TZ-h* equals the space of all trace maps on Ti. By the definition of 
comultiplication of 7Y*, 

A(a) = ^a(i) ® a(2) 

if and only if a{xy) = ^ a(i)(x)a(2)(?/), for all x,y eH. On the other hand, a G TZ-}^* 
if and only if A(a) = ^ a(2) ® Therefore, for a G TZn*, we get 

(^M = ^a(2)(x)a(i)(y) = ^ a(i)(?/)a(2)(x) = a{yx), 

so a is a trace map. The other implication can be proved similarly. We can now 
show that 7Z-H* = C^iTi). By definition, a character is a trace map, so G^{7{) is a 
subspace of IZj-^*. Therefore, it is enough to show that dim 7^-^* < d\mC^{7{). As 
the base field is algebraically closed, 7i = HiLi ^di(^)- For every i = 1, . . . ,n, let 
Vi he a. simple left 7Y-module associated to the block M^X^) and let Xi denote the 
irreducible character corresponding to VJ. By |DNRl Proposition 7.5.7], xi? ■ ■ ■ ,Xn 
are linearly independent over K, as elements in Ti*. On the other hand, using the 
canonical basis {Eip^q^ \ i = 1, . . . ,n, pi,qi = 1, ... ,di} on nr=i^d«(^)' o^^^ can 
show that a is a trace map if and only if there are ai, . . . , a„ in K such that 

^ 'P^"^' \ a„ if Pi = Qi. 

Hence, dim7^->^* = n < dimCK(7i). To deduce that TZ-h* is semisimple, we now use 
[DNRl Theorem 7.5.12] and the fact that Gk{H) = K ®q Cq{H). We have already 
remarked that H is cosemisimple too. Thus, TZfi = TZ-^** is also semisimple. 

We now assume that K is an arbitrary field of characteristic zero. Let IK be an 
algebraic closure of IK and let TC := K®]^H. We claim that K^^TZ-^ = TZj^. Indeed, 
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let {oj I i G /} be a basis of K as a K- vector space and z = Xlie/ ci^ ® ^ T^- By 
the definition of the comuhiphcation of Ti, z belongs to if and only if 

Eie/(«* ® h\l)) ®K (1 ® ^(2)) = ® ^2)) ®K ® ^(1))- 

Thus Xlie/ ® ^(1) ® ^(2) ~ Xlig/ ® ^(2) ® ^(1)- Since the elements are linearly 
independent over K it results that z G Tlf[ if and only if each hi is an element in 
TZ-n- Consequently, the claimed equality is proven. 

Obviously, = Id^. Since 7i is a Hopf algebra over an algebraically closed field, 
it follows that TZy^ is semisimple. Let J be the Jacobson radical of TZn which is a 
finite-dimensional algebra. Thus J is a nilpotent ideal. Clearly K®k</ is a nilpotent 
ideal in K^kT^h — T^rii so it is contained in the Jacobson radical of TZji- We deduce 
that IK (8)k J = 0. Thus J = 0, so TZ-h is semisimple, being finite-dimensional. 

It remains to prove that C-^ is cosemisimple. The dual algebra is isomorphic 
to the subalgebra of trace maps on 7i, i.e. = 7^-^*. As Ti is cosemisimple, we 
have already seen that = TZt-i* is semisimple. Hence C-^ is cosemisimple. □ 

Theorem 2.25. Let B A be an Ti-Galois extension, where Ti is a Hopf algebra of 
finite dimension over afield of characteristic zero. IfH has enough cocommutative 
elements and = Id-^ then, for every Hopf bimodule M and every left Cn-comodule 
V, there is isomorphisms of Z^-modules 

Proof. By the proof of the previous proposition, Ti is cosemisimple. Thus A is injec- 
tive as an 7Y-comodule, so the extension i3 C ^ is faithfully flat, cf. [SS[ Theorem 
4.10]. In view of the same proposition V is injective, as C-j-i is cosemisimple, and IK 
is projective as a right T^^n-module. Therefore, under the assumptions of the theo- 
rem, the spectral sequence (1291) exists and collapses. The edge maps of this spectral 
sequence yields the required isomorphisms. □ 

For another application of Theorem 12.231 let us take the Hopf algebra Ti to 
be cocommutative. In this case TZ-fi = Ti, so the assumptions on 7i are trivially 
satisfied. We obtain the spectral sequence from the following corollary. Note that 
a related result can be found in [§2| Theorem 3.1], where the extension i3 C ^ is 
not necessarily faithfully fiat but V is just a subcoalgebra of Cy, which is injective 
in ^^m. 

Corollary 2.26. Let B ^ A be a faithfully flat Ti-Galois extension, with Ti a 
cocommutative Hopf algebra. If V is an injective right C-^-comodule and M is a 
Hopf bimodule then there exists a spectral sequence in the category 

TorJ^(K, HH,(i3, MDc^V)) =^ HH,+,(^, M)nc^V. 

Remark 2.27. By taking V := C-j-i in the above corollary we obtain (only in the 
case of cocommutative Hopf algebras) the spectral sequence |^1[ Theorem 4.5]. 

Let now consider the case when the Hopf algebra Ti. is the group algebra KG of 
an arbitrary group G. By |Mo[ Theorem 8.1.7], an extension ,B C ^ is IKG-Galois if 
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and only if A is G-strongly graded and B is its homogeneous component of degree 
one, i.e. .4. is a direct sum of linear subspaces A = ©gg^ Ag such that Ai = B and 

AgAfi Aghi 

for any g, h in G. A strongly graded algebra, i.e. a KG-Galois extension B A, 
is always faithfully flat, as KG is cosemisimple. Furthermore, the coalgebra Crg is 
cosemisimple and pointed, cf. [§2[ Exemple 1.2 (a)]. A direct application of the 
preceding corollary, for V := Ckg, yields [Lolj Theorem 2.5 (a)]. 

Furthermore, a KG-comodule is a vector space M together with a decomposition 
ClS Sb direct sum of subspaces 

M = ®g^GMg. 

Hence, an ^-bimodule M is a Hopf bimodule if and only if the above decomposition 
satisfies, for any g and h in G, the following relations 

AhMg C Mhg and MgAh C Mg^. 

Thus, to give a Hopf bimodule is equivalent to give a G-graded v4-bimodule. 

The coalgebra Crg is cosemisimple and pointed, cf. [52j Exemple 1.2 (a)]. Recall 
that on Ckg there is a canonical basis {e^ \ cr G T(G)}, where T(G) is the set of 
conjugacy classes in G and each is a group-like element. A left (or right) Ckg 
comodule structure pv '■ V — > V^KG on a given vector space V is uniquely defined 
by a decomposition of V direct sum 

^ = 0aeT(G) ^o-- 
Note that the subspace is given by 

= {v eV \ pv{v) = e^r ® v}. 

We shall say that is the homogeneous component of V of degree a. 

We now fix a conjugacy class o" in G and we put V := Ke^. Since is a group- 
like element, V is a. left CKG-sub comodule of Ckg and K- = ^- Let M be a G-graded 
bimodule and := ©ggo-^s- Thus 

MDc^y = K'U. 

Therefore, if Gy and Hy are the functors in the proof of Theorem 12.231 then 

Gv{M) ^ B M^, Hv{M) := (M^)^ . 

Let us notice that Af^ is a right CRG-comodule, so it makes sense to speak about 
(M^)^-. More generally, the coaction of Crg on the Hochschild homology of A with 
coefficients in M induces a decomposition of HH*(^, M) as a direct sum of its 
homogeneous components HH,,(^, M)^., for a arbitrary in T{G). 

As an application of Theorem 12.231 we now get the following result, that was also 
proved in [Lolt Theorem 2.5 (b)] by a different method. 

Corollary 2.28. If B A is a strongly G-graded algebra then, for any graded 
A-himodule M and o G T[G\ there is a natural spectral sequence in Zq'^ 

Hp(G, HH,(i3, M.)) =^ HHp+,(^, M),. (30) 

Proof. Group homology H,,(G, X) and Tor^*^(K, X) are equal for any KG-module 
X, cf. 1^ Theorem 3.6.2]. □ 
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Remark 2.29. We keep the notation from the previous corollary. Let us pick up an 
element g in a and denote the centralizer oi g in G by Ccig)- One can show that 

HH,(i3, M.)) - KG ®kcg(9) HH,(i3, M,). 

Thus, by Shapiro's Lemma, the terms in the second page of the spectral sequence 
fl5Ul) are isomorphic to 

El^ = }l,{GGig),W,iB,M,)). 

For details the reader is referred to |Loll p. 504]. 

Now we are going to investigate the case when Ti is commutative but not neces- 
sarily CO commutative. Thus Cy, = Ti. Our first aim is to show that we can drop the 
assumptions on TZ-h in Theorem 12.231 To this end, we need the following. 

Lemma 2.30. Let G he a finite group. IfH := (KG)* then Ti has enough cocommu- 
tative elements and TZn is semisimple. 

Proof. Let {px \ x G G} be the dual basis of the canonical basis on KG. By definition, 
the coalgebra structure on TC is given by 

^(Px) = Y.geGPxg-' ®Vg and e{p.x) = 5^,1. 

Thus, an element z = J2xeG ^^P^ belongs to TZ-h if and only if 

J2x,geG('ocPxg-^ ® Pg = J2x,geG ^^^Pg ^ Pxg-^ ■ 

Since {px <^Py \ x,y ^ G} is a. basis onH^H, we deduce that axg = agx. Therefore, 
if 0" G T{G) then there is in K such that ag = a^, for all g E a. It follows 

where Pa := J^xeaP^- conclusion, TZ-h is the K-linear subspace generated by all 
Pa, with a G T{G). On the other hand, PxPy = Sx,yPx, for arbitrary x,y E G. Thus, 
if a; G G and x ^ 1, then 

Px PtrPx) 

where a denotes the conjugacy class of x. Hence the relation T^^TY = Ti.^ is proven. 
To conclude the proof we remark that 

PaPT = Sa,rPa aud T,aeT{G) P^ = '^T^n^ 

SO TZt-i is semisimple. In fact, the above relations shows us that TZf^ ~ K'^'^^'^\ □ 

Proposition 2.31. LetTi he a commutative Hopf algehra. IfH is semisimple then 
Ti has enough cocommutative elements and TZ-j-c is a semisimple K-algehra. 

Proof. Let us assume first that Ti. is semisimple. Then Ti is finite-dimensional by 
Remark 3.8(b)]. Let K be an algebraic closure of IK and let H := K^kTY. Hence 
is a finite-dimensional commutative Hopf algebra over K. Since 7i is semisimple 
it follows that Ti is semisimple too. Thus, the dual Hopf algebra Ti is cosemisimple 
and cocommutative. Since K is algebraically closed, there is a finite group G such 
that H = (KG)*. By the previous lemma, TZ^'H = and TZy; is semisimple. As 

K ®K {T-t/n:fH) ^ (K ®K n^)/{K ®k 7^^^^) = Tt /n^n = o 
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we get TZy^H = H . To prove that TZn is semisimple, we can proceed as in the proof 
of Proposition I2.24[ 

If Ti is finite-dimensional over a field of characteristic zero then it is semisimple 
(and cosemisimple) . Hence we can apply the first part of the proposition. □ 

Remark 2.32. For a commutative Hopf algebra Ti. over a field K, we have S^^ = Id-H. 
If H is finite-dimensional then the trace of equals (dim?i)lK. Therefore, by 
|DNRl Theorem 7.4.1], 7i is semisimple and cosemisimple if and only if dimTi is not 
zero in K. In this case, Ti. has enough cocommutative elements. 

Theorem 2.33. Let B C A be an Ti-Galois extension, where Ti is a commutative 
Hopf algebra of finite dimension over a field K such that dimTi is not zero in K. // 
V is a left Ti-comodule and M is a Hopf bimodule then there is an isomorphisms of 
Z^-modules 

K ®nn HH„('B, MUnV) = HH„(^, M)nnV. (31) 

Proof. In view of the above remark, Ti has enough cocommutative elements and Ti 
is semisimple and cosemisimple. Thus V is injective and S C ^ is a faithfully flat 
extension. Since TZ-h is semisimple, Tor^'"(]K, 7-^) = for p > 0, so we can apply 
Theorem 12.231 Furthermore, for p > 

Tor^«(K,HH,(S, MD^^)) = 0, 

as any 7^7^-module is projective. It follows that the spectral sequence in Theorem 
12.231 collapses, its edge maps giving the isomorphism in fl3T]) . Obviously these maps 
are ^Q-li^ear, as the spectral sequence lives in ^o^Jl by construction. □ 

2.34. Recall that if G is a finite group of algebra automorphisms of A and B = A^ 
then ^ is a (]KG)*-comodule algebra and B := , Note that the corresponding 

coaction p : A — > A ® (KG)* satisfies the relation 

where {px \ x G G} is the dual basis of {x | a; G G} C KG. It is not difficult to 
see that i3 C ^ is (KG)*-Galois if and only if there are elements a'l, ■ ■ ■ ,a'^ and 
a'l, . . . , in ^ such that 

for all g & G. Thus (KG)*-Galois extensions generalize Galois extensions of com- 
mutative rings. For the definition of Galois extension of commutative rings, the 
reader is referred to |DeMIt Chapter III]. More particularly, a finite field extension 
is (KG)*-Galois if and only if it is separable and normal. In this case, the Galois 
group of the extension is G, cf. |DNRt Example 6.4.3 (1)]. For this reason, in this 
paper, (KG)*-Galois extensions will be called (classical) G-Galois extensions. 

Note that an object in ^^OJl^'^'' is an ^-bimodule M together with a G-action 
on M such that, for g ^ G, a & A and m & M 

g ■ [am) = g{a) [g ■ m] and g ■ (ma) = [g ■ m] g{a). 

We shall say that such an M is a (G, ^)-bimodule. 
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Corollary 2.35. Let B O A be a G-Galois extension over a field K such that the 
order of G is not zero in K. If M is a {G, A)-bimodule then 

as Zo-modules, where {px \ x G G} is the dual basis of the canonical basis on KG. 

Proof. By Theorem 12. 33^ 

K®7^(,o). HH„(i3,Mn(KG)'K) - HH„(AM)n(KG)*K. 

On the other hand, by the proof of Lemma [2.301 we get TZ(kg)* — IK*^^*^\ as 

S:={p^\ae T{G)} 

is a basis on (KG)* and a complete set of orthogonal idempotents. Therefore, for a 
(]KG)*-module W, we have W = ®i^(zt{g)P^ ' ^ ■ Clearly, 

Note that for the last isomorphism we used that 7^^^)* is spanned by 5 \ {pi}- 
We conclude the proof in view of the foregoing remarks and of the isomorphisms 

In the above identifications, for a right (KG)*-comodule X, the G-invariants are 
taken with respect to the left G-action on X that corresponds to the (]KG)*-comodule 
structure on X via the isomorphism of categories VJt^^^^* = kg^TI. □ 

3. Centrally Hopf-Galois extensions 

Throughout this section we fix a commutative Hopf algebra Ti. In the case when 
H is a finite-dimensional Hopf algebra and i3 C ^ is an 7Y-comodule algebra we shall 
prove that Z, the center of A, is an ?i-subcomodule. For a given Hopf bimodule M, 
our main purpose is to show that, under some assumptions on Ti and 2'=°'^ C Z, 
the homology groups HH*(^, M)'^°''^ and HH^,(i3, M™^) are isomorphic. A similar 
result will be proved for cyclic homology. 

Proposition 3.1. Let B C A be an Ti-comodule algebra. Let Z denote the center 
of A and set Z' := Zf]B. 

(1) If Ti. is commutative and finitely generated as an algebra then Z is an Ti- 
subcomodule of A. 

(2) If Z is an H-subcomodule of Aand Z' C Z is an H-Galois extension then Ti. 
is commutative. Let us assume, in addition, that Z' (1 Z is a faithfully flat 
extension. Then A'^"^ C A is a faithfully flat Ti-Galois extension. 

Proof. (1) As ^ is an 7i-comodule, {A, ■) is a left 7i*-module, where for a in Ti* and 
a in ^ 

a ■ a = ^a(a^i))a^o)- (32) 
To prove that Z is an 7i-subco module we must check that Z is an 7i*-submodule. 
Let 7i° denote the finite dual of Ti (for the definition of the finite dual of an algebra 
see |DNR[ Section 1.5]). It is well-known that 7i° is an S'T^-invariant subalgebra of 
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7i*, so it has a canonical structure of Hopf algebra. The comultiplication of 7i° is 
uniquely defined such that A(a) := Yl^=i ^'i ® ^'1 if ^^^^ only if 

En 
1=1 

for all x,y E H. Clearly, A is an H°-module. In fact A is an 7i°-module algebra, 
that is 

a ■ {a' a") = ' «')("(2) ■ a"), (33) 

for a G 7i° and a', a" G A. We now want to show that Z is an 7i°-submodule. For 
a G H° and a G we get 

(a ■ a)x = ■ a)[a(2) ■ (5'h°«(3) ■ a^)] 

= ■ [a(5'7^°«(2) ■ x)] 

= ■ [('S'>^°"(2) ■ x)a], 

where for the second equality we used (15^ . By [Abl Corollary 2.3.17(ii)], 7Y° is 
CO commutative. Thus 

E"(i) ■ [{SH°a{2) ■ x)a\ = E[("{i)'S'w°a(3)) ■ a;](«(2) ■ a) 

= E[("{i)'S'w°"(2)) ■ a;](a(3) ■ a) 
= x{a ■ a). 

By the foregoing computation, we conclude that a ■ a G Z. Since 7i is finitely 
generated as an algebra it follows that 7i° is dense in 7i*, with respect to the finite 
topology, cf. I Abl Theorems 2.2.17 and 2.3.19 ]. This means that, for every a G 7i* 
and every finite set X C 7i there is /3 G 7i° such that a = j3 on X. We can now prove 
that Z is an 7i*-submodule of A. Let a E H* and a G ^. If p(a) = J2^=i ® 
then there is /? G ?i° such that a{hi) = (3{hi), for every z = 1, . . . , n. Thus 

a{hi)ai = y P{hi)ai = (3 ■ a. 

i=l ^—^i=\ 

It follows that a ■ a G ^, as /3 G 7i° and a E Z. 

(2) Since ^ is a subcomodule of A, it follows that = Z' . The canonical 

map Pz '■ Z ®zi Z ^ Z (^H., that corresponds to the 7i-comodule algebra Z' C Z, 
is bijective by assumption. As 2 is a commutative algebra, is a morphism of 
algebras and Z ®z' Z is commutative. We conclude that H is commutative by 
remarking that ?i is a subalgebra of 2 (8> 7i, which is commutative. 

We now assume that 2' C 2 is a faithfully fiat 7i-Galois extension. For each 
h eV, there are a'j^, . . . , and a'/, . . . , a'^ in Z such that 

/52(E:=i<®2-h<) = 1®/^- (34) 

Obviously, /5y!i(Ei=i '^i ®s '^H ~ /^^(SI=i '^i ®2cow a^') = 1 ® /i and is a morphism 
of left ^-modules. Thus [3j( is surjective too. Since C Z is faithfully fiat it follows 
that Z is injective as an 7i-comodule. By |SSt Lemma 4.1.] there is an H-comodule 
map (f) : Ti. ^ Z such that (f)(1) = 1. We may regard (f) as an 7i-colinear map from Ti. 
to A, so A is injective as an 7i-comodule. Hence S C ^ is a faithfully fiat 7i-Galois 
extension, cf. |SSl Theorem 4.10]. □ 
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Definition 3.2. Let ?i be a commutative Hopf algebra. We say that an H-comodule 
algebra B Ais a. centrally Ti- Galois extension if the center 2^ of ^ is a subcomod- 
ule and Z' C Z is a. faithfully flat 7Y-Galois extension, where Z' := Z^°^. 

Remark 3.3. In the case when 7i is cosemisimple and finitely generated as an 
algebra, an 7i-comodule algebra A is centrally ?i-Galois if and only ii Z' <0 Z is 
7i-Galois. 

3.4. Throughout the remaining part of this section we fix a commutative Hopf 
algebra Ti and a centrally 7i-Galois extension B C A. We also fix a Hopf bimodule 
M and a left ?i-comodule V. 

We have seen that B C A is 7i-Galois, so HH„(i3, M) is a left 7Y-module. Our 
aim now is to give an equivalent description of this action. We fix /i G and we 
pick up a'l, . . . ,a'r and a'(, . . . , a" in Z such that (l34ll holds true. We now define 
\^^{M):Cr,{B,M)^Cr.iB,M) by 

A^(M) (m (g) 6^ ® ■ ■ ■ ® 6") = X;i=i a'Ima'i (g) 6^ ® ■ ■ ■ (g) 6". 

It is easy to see that Aj(M) is a morphism of complexes, as a- and a" are in the 
center of A for all z = 1, . . . , r. Let A^(M) be the endomorphism of HH„(;B, M) 
induced by X'^{M). Clearly, both and are natural transformations. 

Proposition 3.5. Let heH. For a Hopf bimodule M and lu e HH„(S, M) 

h-u = \l{M){u). 

If in addition M is a symmetric Z-himodule then the above action is trivial. In this 
case, for an injective left Tt-comodule V, the action of TZ-j-c on HH„(i3, MD^^y) is 
trivial too. 

Proof. Let /i^ be the natural transformations that lift the 7i-action on M^, as in the 
proof of Proposition 12.121 Thus, for uj in HH„(,B, M) 

We shall prove by induction on n that A^(M) = n^{M). For n = that is obvious, 
by construction of Ag and the definition of the H-module structure in (fT2l) . Let us 
assume that X^i^) = l^ni.^)^ ^^^Y Hopf bimodule K. Since B^A is a faithfully 
fiat H-Galois extension, U ■.= A®Aisa. projective generator in Thus, there 

is an exact sequence 

— ^ A'o — > L — ^ M — ^ 

in A-M^ such that L = U^^\ where / is a certain set. On the other hand, A is 
projective as a left and right ,B-module, so U is projective as a i3-bimodule. Hence 
HH„(S,L) = 0, for n > 0. Consequently, 6n+i : HH„+i(S,M) ^ }iB.n{B,Ko) is 
injective. On the other hand, by construction, /i^ is a morphism of (5-functors. Thus 

6n+i o ^^'^^^{M) = fitiKo) o 6n+,. (35) 

Since the long exact sequence in homology is natural and Aj* is a natural morphism 
of complexes 

6^^, o Xt^,{M) = X^iKo) o 6^^,. (36) 
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Using relations (l35l) and ( 136|) . the induction hypothesis and the fact that Sn+i is 
injective one gets fI'f^_^_^{M) = X'f^_^_^{M). 

Let us assume that M is symmetric as a 2-bimodule, i.e. z ■ m = m ■ z, for any 
z & Z and m G M. Thus 

Ajj(M)(m (g) fei (g) ■ ■ ■ (g) 6") = ^*Li ma.a-' (g fe^ (g ■ ■ ■ (g 6" = e(/i)m (g 6^ (g ■ ■ ■ (g 6", 

where for the second equahty we used [J§| Relation (5)]. Thus \^{M){u) = e{h)uj. 
By the first part of the proposition we deduce that the action of Ti on HH*(i3, M) is 
trivial. Finally, if V is an injective left 7Y-comodule, then there is an isomorphism 

HH,(i3, MUnV) = HH,(i3, M)UnV 

of 7^^^-modules. Note that HH,(S, M)n7^1/ is a 7^7^-submodule of HH,(i3, M) ® 1/. 
Hence, the action of TZ-h on HH*(i3, M)\3'}iV is also trivial. □ 

Theorem 3.6. Let B A be a centrally Ti-Galois extension, where Ti is a finite- 
dimensional Hopf algebra over a field K such that dimTi is not zero in IK. Let M 
be a Hopf bimodule which is symmetric as a Z-bimodule. If V is a left Ti-comodule 
then there are isomorphisms of Z' -modules 

HH,(^, M)UnV ~ HH,(i3, MUnV). (37) 

Proof. We have already noticed that i3 C ^ is a faithfully fiat 7Y-Galois exten- 
sion and that Y{^,[B, M\I\-}^V) is a trivial T^-^^-module. The isomorphism of left Z'- 
modules fl571) follows by applying Theorem 12. 33[ □ 

Corollary 3.7. Keeping the notation and the assumptions from the preceding the- 
orem, there are isomorphisms of Z' -modules 

HH,(^, A/)^°^ ~ HH,(i3, M™^). 

Proof. Take V = K in Theorem ESI and note that ^ (-)nwK. □ 

Remark 3.8. A faithfully fiat 7Y-Galois extension of commutative algebras is cen- 
trally Hopf-Galois. Thus the isomorphisms in the preceding corollary exist for such 
an extension, provided that Ti is finite-dimensional and dimTY is not zero in K. 

Corollary 3.9. Let G be a finite group of automorphisms of an algebra A over a 
field IK such that the order of G is not zero in IK. Let Z denote the center of A and 
let M be an {G, A) -Hopf bimodule. If Z'^ C Z is a G -Galois extension then there 
are isomorphisms of Z'^ -modules 

Proof. Apply Corollary O for TL := (KG)*. Note that, for a (KG')*-comodule X, 
we have = X^, cf. §231 □ 

Remark 3.10. Note that the proof of the previous corollary works only if the order 
of G is not invertible in K, as K must be injective as (IKG)*-comodule in order to 
apply Theorem 13. 6[ On the other hand the isomorphisms in |Lo2t §6] hold true 
without any assumption on the characteristic of K. 
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Theorem 3.11. Let B A be a centrally Galois extension over a finite- dimensional 
Hopf algebra Ti such that dimTY is not zero in K. Let M be a Hopf bimodule which 
is symmetric as a Z-bimodule. Then, there are isomorphisms of Z-modules and 
Ti-comodules 

HH,(^, M)-Z ®z' HH,(i3, M=°^). 

Proof. Since Z' C Z is a faithfully flat 7Y-Galois extension the categories ^971^ and 
z'Tl are equivalent, cf. |SSl Theorems 4.9 and 4.10]. More precisely, 

Z ®z' (-) : 2971^ 

is an equivalence of categories, whose inverse is the functor X ^ X""^ . Thus, 

H,(^, M) ^ Z ®z' H,(A M)™^. 

We conclude de proof in view of Corollary 13. 7[ □ 

3.12. Recall that ,B C ^ is a centrally 7^-Galois extension. In particular, Ti is 
commutative. Therefore, the map t„ : Cn{A,A) — > Cn{A,A) given by 

tn(a° ® ® ■ ■ ■ ® a") = a" ® a° (g) ■ ■ ■ ® a"~^ 

is a morphism of right 7i-comodules, where Ti coacts on A®"'^^ as in fl2.15p . Cyclic 
homology of A, denoted by HC*(^), is defined as the homology of the total complex 
of the bicomplex CC^*(^), see |We[ Definition 9.6.6]. As the operator t„ is Ti- 
colinear for every n, it follows that CC*^, [A) is a bicomplex in the category of right 
7Y-comodules. Thus HC„(v4.) is an 7Y-comodule too. 
We can now prove the following. 

Theorem 3.13. Let B A be a centrally Ti-Galois extension, where Ti is a finite- 
dimensional Hopf algebra such that dimTi is not zero in K. Then 

HC„(^)^°« ^ HC„(i3). (38) 

Proof. The case n = is obvious, in view of Corollary 13.71 and of the fact that 
cyclic homology and Hochschild homology are equal in degree zero. For each right 
7Y-comodule X the natural transformation 

z/(X):X"°^ — vXU-uK, v{X){x) := X ® I 

is an isomorphism. Since Ti is commutative and the characteristic of K does not 
divide the dimension of 7i, we deduce that Ti is cosemisimple. Hence IK is an 
injective comodule. Thus the functor that maps a right 7Y-comodule X to XDt^K is 
exact. Consequently, by applying the functor (— to Connes' exact sequence [Wet 
Proposition 9.6.11], we get the exact sequence on the top of the following diagram. 

HC„(^) — HH„+i(^) — HC„+i(^) — HC„_i(^) — HH„(^) 



HC„(S) HH„+i(i3) HC„+i(i3) HC„_i(i3) — HH„(S) 



Here, HC*(^) and HH,(^) denote HC,(^)=°^ and HH,(^)^°^, respectively. Note 
that by induction hypothesis, the first and the fourth vertical arrows are isomor- 
phisms. Furthermore, by taking M = ^ in Corollary 13. 7^ we get that the second 
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and the fifth vertical maps are isomorphisms. Thus, by 5-Lemma [Wei p. 13] the 
vertical map in the middle is also an isomorphism. □ 

We conclude this paper showing that, under some extra assumptions. Ore exten- 
sions provide non-trivial examples of centrally Hopf- Galois extensions. To define an 
Ore extension of a K-algebra A, we need an algebra automorphism a : A ^ A and 
a cr-derivation 6 : A ^ A. Recall that 5 is a cr-derivation if, for a and b in A, 

6{ab) = a{a)6{b) + 6{a)b. 

For a and 6 as above one defines a new algebra A[X, a, 6], the Ore extension of A. 
As a left ^-module, A[X, cr, 6] is free with basis {1, X, X^, . . . } and its multiplication 
is the unique left .A-linear morphism such that X'^X^ = and 

Xa = a{a)X + 6{a). (39) 

For simplicity, we shall denote the Ore extension A[X, cr, S] by T. 

We now assume, in addition, that A is an 7i-comodule algebra and that a and 
6 are morphisms of comodules. Set B := Since a and 6 are morphisms of 

7i-comodules they map B into B. We still denote the restrictions of these maps to 
,B by cr and 6. Clearly, 6 can be regarded as a cr-derivation of B, so we can construct 
the Ore extension S := B[X, a, S\. 

Lemma 3.14. The comodule structure map : A — > A (8)71 can be extended in a 
unique way to an Ti-coaction pr on T such that, for a E A and n G N, 

pr(a^") = E«(o)^"®a(i). (40) 

With respect to this coaction the subalgebra of coinvariant elements in T is S. 

Proof. For n G N and < A; < n let /^"^ be the non-commutative polynomial in a 
and 6 with coefficients in the prime subfield of K such that 

^"« = ELo/f («)^'- (41) 

Let us put f^i = f^i = 0. Thus, by multiplying to the left both sides of (14T!) by 
X and using (l39l) , for 0<k<n+l,we get 

For a°, . . . , a" in ^ we now define 



pr(Er=o«^^o = Er=o«io)^^®«' 



Clearly, pr defines a coaction of Ti. on T and verifies the identity flKI]) . We have to 
prove that pr is a morphism of algebras, i.e. prifg) = Pr{.f)pr{.9) for any f,gET. 
In fact, it is enough to prove this equality for / = X" and g = a, with a E A and 
n G N*. Since /^"■' are non-commutative polynomials in a and 6 and these maps are 
morphism of 7i-modules, it follows that /^"^ are also 7^-colinear. Hence, 

= ELo/i"H«)(o>^'® 
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On the other hand, 

Obviously pr is unital. Thus T is an 7Y-comodule algebra. It remains to prove 
that T'^°^ = S. For this, we fix a basis {hj | j G J} on Ti. We may assume that 
there is jo ^ J such that hj^ = 1. Let us take / = EILo*^*"^* write 
pI"^*) = ® ^j- Therefore, 

It follows that / e r™^ if and only if ELo 4^' = ^i,io ELo Thus, / is 

7Y-coinvariant if and only if 

P(«*) = Ej6j^j,io«* ® = ® 1, 
for alH = 0, . . . , n. We deduce that / G T™^ if and only if / G 5. □ 

Lemma 3.15. Let f = ELo*^*"^* element in T and = a""*"^ = 0. Then f 

is in Z{T), the center of T , if and only if 

ELi a''ft\a) = aa\ for i = 0, . . . ,n and a E A, (42) 
a{a') + S{a'+^) = a\ for i = -1,0, ... ,n + 1. (43) 

Proof. As an algebra, T is generated by A and X. Hence, / is central if and only if 
X f = fx and af = fa, for all a E A. We get 

fa = Yl=o^'X^a = ELoElo«Vf (a)X^ = Er=o (EL. ^'^/f («)) 



We deduce that fa = af and fl42l) are equivalent. On the other hand, /X = X f is 
equivalent to 

In conclusion, fX = X f and fH3l) are equivalent. □ 

Corollary 3.16. Lei = {a | o-(a) = a] and A^ = {a \ 5{a) = 0}. If Z is the 
center of A then 

Z{T) f\A = A" f^A^ f^Z. 

Proof. We regard ^ as a subalgebra of T . Thus, a° G ^ is in the center of T if and 
only if for any a G ^ we have 

5(a°) = 0, a(a°) = a\ aa^ = a^fS'\a). 

Since /o^°^ = Id^, we get Z{T) r]A = Zr]AT]A\ □ 

Theorem 3.17. Let B A be an Ti-comodule algebra, where Ti is a commutative 
finite- dimensional Hopf algebra over a field of characteristic zero. Let a : A ^ A 
be an algebra map and 6 : A ^ A be a a -derivation. Assume that both o and b are 
morphisms of Ti-comodules. Let T := A[X, a, 6] and S := B[X, a, 6] . 

(1) The center Z of A and A^ H A^ H Z are Ti-comodule subalgebras of A. The 
algebra of coinvariant elements in A" H A^ H Z is \~\ \~\ Z . 

(2) If B'^ n B^ n Z C A"' \~\ A^ r\ Z is an Ti-Galois extension then the extension 
S T is a centrally Ti-Galois extension. 
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Proof. (1) By Proposition 13.11 (2), Z is an 7i-subco module oi A as TC is finite- 
dimensional and commutative. Since a and S are morphisms of 7^-comodules it 
follows that A'' = ker (cr — Id,^) and A^ = keid are ?i-subco modules of A. We 
deduce that A'^ H A^ H Z is an 7i-comodule algebra. Its subalgebra of coinvariant 
elements is 

n n = A'' n A^ n z n B = B'' n n z. 

(2) Again by Proposition 13.11 (2), the center Z(T) of T is an 7Y-subcomodule of 
T. Since Ti. is commutative and finite-dimensional over a field of characteristic zero, 
we deduce that Ti is cosemisimple. Hence, Z(T) is injective as an 7i-comodule. 
In view of |SSt Theorem 4.10], to prove that Z(T) fl 5 C Z(T) is 7Y-Galois and 
faithfully flat, we have to show that the canonical map 

Pz^r) : 2{T) ®z{r)ns Z{T) Z{T) ® H 

is surjective. Proceeding as in the proof of Proposition 13.11 (3) it is enough to show 
that 1 (g) /i is in the image of Pz(t), for every h E H. Let Z' := A'' n A^ f] Z . By 
assumption, the canonical map 

Pz' ■■ Z' ®z'nt3 Z' — >Z' ®n 
is bijective. Thus, there are a'^^, . . . , and a'/, . . . , a'' in Z' such that 

By the previous corollary, Z' is an 7Y-submodule of Z(T). Therefore, 

/?2(r)(Er=i < ®z{r)ns O = /^^'(ELi < ®z'nB a'l) = l®h. 
Hence, the theorem is completely proven. □ 

A more concrete example can be obtained as follows. Let K C /C C ^ be field 
extensions such that /C C ^ is finite, separable and normal of Galois group G. We 
assume that G = NH, where H and N are subgroups in G such that Nf]H = {1} 
and N is generated by a central element a in G. We set := A^ . We wish to prove 
that this setting fulfils the conditions in the preceding theorem, to get the following. 

Corollary 3.18. With the above notation, B[X,a,0] C A[X,a,0] is a centrally 
(KH)*-Galois extensions. 

Proof. In order to apply Theorem I3.17[ we have to check that a is a morphism 
of (Ki7)*-comodules and that B"^ C A^ is a (Ki7)*-Galois extension. The former 
condition is equivalent to the fact that cr is a morphism of Kif-modules, which in 
our case means that ah = ha for any h in H. Trivially this equality is satisfied as, 
by assumption, a is central in G. Furthermore, 

B'^ = (A'^y = {A^'f = A"""" = IC. 

A similar computation yields us {A'^)^ = A'^^ = B". On the other hand, since 
Nf]H= {1} one can embed H into the group of field automorphisms of A'^ via 
the restriction map u i— > u\j^t. By Artin's Lemma, B"^ C A"^ is separable and normal 
of Galois group H. We have noticed in §2.341 that a finite field extension is (KiJ)*- 
Galois if and only if it is separable and normal of Galois group H. In conclusion, the 
second requirement is also satisfied. □ 
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